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A Mathematical Model for the Ancestor Paradox 
by Sophie Pénisson�

���,QWURGXFWLRQ�
� (DFK�LQGLYLGXDO�KDV�WZR�SDUHQWV��KHQFH�IRXU�JUDQGSDUHQWV��HLJKW�JUHDW�JUDQGSDUHQWV��DQG�VR�
RQ. ,W�WKXV�VHHPV�QDWXUDO�WR�H[SHFW�WKDW�E\�JRLQJ�EDFN�n JHQHUDWLRQV�LQWR�WKH�SDVW��WKH�LQGLYLGXDO�
KDV��n�DQFHVWRUV�DW�WKLV�JHQHUDWLRQ��7KLV�QXPEHU�JURZV�YHU\�UDSLGO\��KRZHYHU��DQG�IRU�D�VXIILFLHQWO\�
ODUJH�n�PLJKW�HYHQ�H[FHHG�WKH�QXPEHU�RI�LQGLYLGXDOV�DOLYH�DW�WKDW�WLPH��)RU�LQVWDQFH�������ZKLFK�LV�
PRUH�WKDQ�RQH�ELOOLRQ��H[FHHGV�WKH�ZRUOGZLGH�SRSXODWLRQ����JHQHUDWLRQV�DJR��D�IHZ�KXQGUHG�PLO�
OLRQ���7KH�IODZ�LQ�WKLV�QDLYH�UHDVRQLQJ�LV�WKDW�RQH�LJQRUHV�WKH�IDFW�WKDW�VRPH�DQFHVWRUV�PLJKW�EH�
FRXQWHG�VHYHUDO�WLPHV��
� :KHQ�SHRSOH�PDUU\�UHODWLYHV��ZLWK�ZKRP�WKH\�VKDUH�DQFHVWRUV��E\�GHILQLWLRQ���WKHLU�SURJ�
HQ\�ZLOO�KDYH�IHZHU�DQFHVWRUV�WKDQ�WKLV�RULJLQDO�UHDVRQLQJ�VXJJHVWV��)RU�LQVWDQFH��)HUGLQDQG�,�RI�
$XVWULD¶V�SDUHQWV�ZHUH�GRXEOH�ILUVW�FRXVLQV��ZKLFK�LPSOLHV�WKDW�KH�RQO\�KDG���JUHDW�JUDQGSDUHQWV�
LQVWHDG�RI������JUHDW�JUHDW�JUDQGSDUHQWV�LQVWHDG�RI����DQG�VR�RQ.�6LQFH�HYHU\RQH�KDV�VRPH�PDU�
ULDJHV�DPRQJ�UHODWLYHV�LQ�WKHLU�DQFHVWU\��WKHLU�FXPXODWLYH�HIIHFW�UHGXFHV�WKH�H[SHFWHG�QXPEHU�RI�
DQFHVWRUV�DW�JHQHUDWLRQ�n�IURP��n�WR�DQ�XQNQRZQ�QXPEHU��XQLTXH�WR�HDFK�LQGLYLGXDO��7KH�RYHUDOO�
VKDSH�RI�DQ�DVFHQGDQW�IDPLO\�WUHH��LI�SUHVHQWHG�ZLWK�WKH�ROGHVW�JHQHUDWLRQV�DW�WKH�WRS��VKRXOG�WKHUH�
IRUH�QRW�ORRN�OLNH�DQ�LQYHUWHG�S\UDPLG�EXW�UDWKHU�OLNH�D�GLDPRQG��LW�VKRXOG�JHW�ZLGHU�DQG�ZLGHU�EXW�
HYHQWXDOO\�VWDUW�WR�QDUURZ�GRZQ�WR�IHZ�DQFHVWRUV���
� 7KH�DLP�RI�WKLV�SDSHU�LV�WR�SUHVHQW�D�PDWKHPDWLFDO�PRGHO�WKDW�KHOSV�WR�VWXG\�WKH�LQIOXHQFH�
RI�LQEUHHGLQJ�RQ�WKH�QXPEHU�RI�DQFHVWRUV�LQ�D�IDPLO\�WUHH��KHQFH�RQ�LWV�VKDSH��&RQVLGHULQJ�WKDW�WKH�
UHDGHU�PLJKW�QRW�EH�IDPLOLDU�ZLWK�WKH�PDWKHPDWLFDO�MDUJRQ��WKLV�SDSHU�IRFXVHV�RQ�WKH�PDLQ�LGHDV�
DQG�UHVXOWV�DQG�GRHV�QRW�JR�LQWR�GHWDLOV��)RU�H[DPSOH��ZH�DYRLG�ZULWLQJ�DQ\�IRUPXODV�DV�PXFK�DV�
SRVVLEOH��)RU�WKH�PRUH�H[SHUW�UHDGHU��KRZHYHU��WKH�HQGRWHV�SURYLGH�WKH�DSSURSULDWH�WHFKQLFDO�WHUPV�
QHHGHG�WR�IXOO\�XQGHUVWDQG�WKH�PRGHO�DQG�LWV�SURSHUWLHV��7KH�PRGHO�RXWSXW�LV�WKH�DVFHQGDQW�IDPLO\�
WUHH�RI�RQH�LQGLYLGXDO��6LQFH�RXU�JRDO�LV�WR�VWXG\�WKH�LQIOXHQFH�RI�LQEUHHGLQJ��WKH�PRGHO�SDUDPHWHUV�
DUH�OLQNHG�WR�WKH�SURSRUWLRQV�RI�FRXVLQ�XQLRQV�DW�HDFK�JHQHUDWLRQ�LQ�WKH�VWXGLHG�SRSXODWLRQ�RU�FRP�
PXQLW\��)DPLO\�WUHHV�PD\�YDU\�JUHDWO\�LQ�VL]H�DQG�FRPSOH[LW\��HYHQ�ZLWKLQ�D�VLQJOH�FRPPXQLW\��
7KLV�LV�ZK\�ZH�SURSRVH�D�VWRFKDVWLF�PRGHO��7KLV�PHDQV�WKDW�WKH�RXWSXW�LV�UDQGRP��IRU�WKH�JLYHQ�
SDUDPHWHUV��WKH�IDPLO\�WUHH�PD\�EH�GLIIHUHQW�HDFK�WLPH��$�GHWHUPLQLVWLF�PRGHO�RQ�WKH�RWKHU�KDQG��
ZRXOG�FRQVLVWHQWO\�SURYLGH�WKH�VDPH�WUHH��³5DQGRP´�GRHV�QRW�PHDQ�³DQ\´�IDPLO\�WUHH��7KH�UDQ�
GRPQHVV� LV�FRQWUROOHG�E\�RXU�PRGHO�� LQ� WKH� VHQVH� WKDW� VRPH� IDPLO\� WUHHV�DUH�PRUH� OLNHO\� WR�EH�
REWDLQHG�WKDQ�RWKHUV��)RU�H[DPSOH��LI�ZH�FKRRVH�DV�SDUDPHWHUV�ODUJH�SURSRUWLRQV�RI�ILUVW�FRXVLQ�
XQLRQV��WKH�RXWSXW�YHU\�OLNHO\�ZLOO�EH�D�UDWKHU�QDUURZ�IDPLO\�WUHH��ZLWK�IHZ�DQFHVWRUV�DW�HDFK�JHQ�
HUDWLRQ���DQG�ZLWK�VPDOO�SUREDELOLW\��EH�D�YHU\�ODUJH�WUHH��
�
���'HVFULSWLRQ�RI�WKH�PRGHO�
� 6HYHUDO�IDPLO\�WUHH�PRGHOV�FDQ�EH�IRXQG�LQ�WKH�OLWHUDWXUH��6RPH�DUH�VSHFLILFDOO\�WDLORUHG�WR�
EHVW�GHVFULEH�WUHHV�RI�D�JLYHQ�FRPPXQLW\��)RU�H[DPSOH��3DWWLVRQ��������SURSRVHG�D�GHWHUPLQLVWLF�
PRGHO�REWDLQHG�DV�DQ�DYHUDJH�RI�PDQ\�WKRXVDQGV�RI�SHGLJUHHV�IURP�%ULWDLQ��2WKHUV�DUH�PRUH�WKH�
RUHWLFDO��VXFK�DV�:DFKWHU¶V�GHWHUPLQLVWLF�PRGHO���������ZKLFK�FRPSXWHV�WKH�QXPEHU�RI�DQFHVWRUV�
DW�RQH�JHQHUDWLRQ�DFFRUGLQJ�WR�WKH�VXUURXQGLQJ�SRSXODWLRQ�VL]H�DW�WKDW�WLPH�DQG�WR�WKH�QXPEHU�RI�
DQFHVWRUV�LQ�WKH�SUHYLRXV�JHQHUDWLRQ��)LQDOO\��RQH�FDQ�ILQG�VRPH�PRGHOV�ZKLFK�DUH�PDWKHPDWLFDOO\�
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PRUH�FKDOOHQJLQJ�DQG�LQWHUHVWLQJ��VXFK�DV�'HUULGD¶V�VWRFKDVWLF�PRGHO�RI�D�IDPLO\�WUHH�LQ�D�SRSXOD�
WLRQ�RI�FRQVWDQW�VL]H���������+RZHYHU��QRQH�RI�WKHVH�PRGHOV�DOORZ�WR�VWXG\�SUHFLVHO\�WKH�LQIOXHQFH�
RI�LQEUHHGLQJ�RQ�WKH�VKDSH�RI�WKH�IDPLO\�WUHH��7KLV�LV�ZK\�ZH�SUHVHQW�LQ�WKLV�SDSHU�D�PRGHO�WKDW�LV�
VWRFKDVWLF��DOORZV�XQLRQV�DPRQJ�FRXVLQV��DQG�LV�JHQHUDO�HQRXJK�VXFK�WKDW�LW�FDQ�EH�DSSOLHG�WR�GLI�
IHUHQW�FRPPXQLWLHV��,WV�SDUDPHWHUV�FDQ�QRQHWKHOHVV�EH�ILWWHG�WR�WKH�VWXGLHG�SRSXODWLRQ��DV�GHVFULEHG�
LQ�6HFWLRQ����
�
�����*UDSKLFDO�UHSUHVHQWDWLRQ�
� 6LQFH�ZH�DUH�LQWHUHVWHG�LQ�WKH�RYHUDOO�VKDSH�RI�WKH�IDPLO\�WUHH��ZH�DVVXPH�IRU�VLPSOLFLW\�
WKDW�WKHUH�DUH�QHLWKHU�SRO\JDPRXV�PDUULDJHV��UHPDUULDJHV��QRU�XQLRQV�DPRQJ�LQGLYLGXDOV�RI�GLIIHU�
HQW�JHQHUDWLRQV��,W�LV�WKXV�PRUH�UHOHYDQW�LQ�RXU�PRGHO�WR�FRQVLGHU�FRXSOHV�UDWKHU�WKDQ�LQGLYLGXDOV����
7KH�IROORZLQJ�JUDSKLFDO�UHSUHVHQWDWLRQ�RI�D�IDPLO\�WUHH��)LJXUH�����ZKLFK�GLIIHUV�IURP�WKH�FODVVLFDO�
RQH��HQDEOHV�XV�WR�EHVW�YLVXDOL]H�DQG�GHVFULEH�RXU�VWRFKDVWLF�PRGHO��(DFK�FRXSOH�LV�UHSUHVHQWHG�E\�
RQH�QRGH��7KH�\RXQJHU�JHQHUDWLRQV�DUH�DW�WKH�ERWWRP�RI�WKH�JUDSK��DQG�WKH�ROGHVW�DW�WKH�WRS��7KH�
VLQJOH�ERWWRP�QRGH�WKXV�FRUUHVSRQGV�WR�WKH�SDUHQWV�RI�WKH�VWXGLHG�LQGLYLGXDO��WKH�WZR�QRGHV�DW�WKH�
QH[W�JHQHUDWLRQ�FRUUHVSRQG�WR�LWV�IRXU�JUDQGSDUHQWV��WZR�FRXSOHV��DQG�VR�RQ� (DFK�RULHQWHG�HGJH�
WKHQ�UHSUHVHQWV�RQH�LQGLYLGXDO��PDOH�RU�IHPDOH��7KH�ULJKW�ERWWRP�HGJH�LQ�)LJXUH���FRUUHVSRQGV�IRU�
LQVWDQFH�WR�WKH�LQGLYLGXDO¶V�PRWKHU��
� %\�DVVXPSWLRQ��XQLRQV�DPRQJ�UHODWLYHV�LQ�RXU�PRGHO�FDQ�RQO\�EH�DPRQJ�FRXVLQV��RI�DQ\�
GHJUHH��6LQFH�FRXVLQV�VKDUH�DW�OHDVW�RQH�FRPPRQ�DQFHVWRU�FRXSOH��WKH�QRGH�UHSUHVHQWLQJ�WKHLU�XQLRQ�
LV�OLQNHG�YLD�WZR�GLVWLQFW�SDWKV�WR�WKH�FRPPRQ�DQFHVWRU�QRGH��,Q�)LJXUH���IRU�H[DPSOH��WKH�LQGLYLG�
XDO¶V�PDWHUQDO�JUDQGSDUHQWV��GHSLFWHG�ZLWK�D�SLQN�QRGH��DUH�VHFRQG�FRXVLQV��%\�GHILQLWLRQ��WKH\�
VKDUH�JUHDW�JUDQGSDUHQWV��7KLV�SLQN�QRGH�� WKHUHIRUH�� LV� OLQNHG�YLD� WZR�GLIIHUHQW�SDWKV� WR�D�QRGH�
WKUHH�JHQHUDWLRQV�EDFN��:H�WKXV�KDYH�DQ�HDV\�ZD\�WR�YLVXDOL]H�LQEUHHGLQJ�LQ�D�IDPLO\�WUHH��D�XQLRQ�
DPRQJ�FRXVLQV�RI�GHJUHH�k�FRUUHVSRQGV�WR�D�ORRS�RI�KHLJKW�k���URRWHG�LQ�WKH�QRGH��,W�DOORZV�PXO�
WLSOH�FRQVDQJXLQLW\�GHJUHHV�DV�ZHOO��GRXEOH�ILUVW�FRXVLQV��FRXVLQV�RI�GHJUHH�WZR�DQG�VHYHQ�DQG�VR�
RQ���WKH�YDULRXV�GHJUHHV�FRUUHVSRQGLQJ�WR�WKH�GLIIHUHQW�ORRSV�URRWHG�LQ�WKH�QRGH���
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Figure 1. Family tree over five generations, with inbreeding. The pink node represents a second 
cousin union, and the white nodes the paths to their common great-grandparents. �
�
�����6WHSZLVH�GHVFULSWLRQ�RI�WKH�VWRFKDVWLF�PRGHO�
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� 7KH�JHQHUDWLRQV�DUH�HQXPHUDWHG�EDFNZDUG�LQ�WLPH��i.e.�WKH�SDUHQWV�DUH�DW�JHQHUDWLRQ�RQH��
WKH�JUDQGSDUHQWV�DW�JHQHUDWLRQ�WZR��HWF��7KH�QXPEHU�RI�DQFHVWRU�FRXSOHV�DW�JHQHUDWLRQ�n�LV�GHQRWHG�
Cn��WKHUHIRUH�C� ���C� ���C� �����RU���HWF��:H�FDOO�n�QRGH�DQ\�QRGH�IURP�WKH�nWK�JHQHUDWLRQ��KHQFH�
WKHUH�DUH�Cn�n�QRGHV�LQ�WKH�WUHH���:H�GHILQH�WKH�UDQGRP�IDPLO\�WUHH�LWHUDWLYHO\��PHDQLQJ�WKDW�ZH�
GHVFULEH�KRZ�WR�EXLOG�JHQHUDWLRQ�n���LI�WKH�WUHH�LV�NQRZQ�XS�WR�JHQHUDWLRQ�n.�7KH�SURFHGXUH�LOOXV�
WUDWHG�LQ�)LJXUH���JRHV�DV�IROORZV���

•� 6WHS����6LQFH�WKHUH�DUH�Cn�DQFHVWRU�FRXSOHV�LQ�WKH�WUHH�DW�JHQHUDWLRQ�n��WKHUH�FDQ�EH�DW�PRVW�
�Cn�DQFHVWRU�FRXSOHV�DW�JHQHUDWLRQ�n+���+RZHYHU��EHFDXVH�RI�LQEUHHGLQJ��VRPH�RI�WKHVH�
�Cn�DQFHVWRU�FRXSOHV�PLJKW�EH�VKDUHG�E\�VHYHUDO�FRXSOHV�RI�WKH�nWK�JHQHUDWLRQ��:H�PRGHO�
WKLV�SKHQRPHQRQ�E\�DOORZLQJ�VRPH�RI�WKH��Cn�n���QRGHV�WR�UDQGRPO\�PHUJH�ZLWK�HDFK�
RWKHU��DV�GHVFULEHG�LQ�WKH�IROORZLQJ�VWHSV���
In Figure 2,  C3=4. Hence, at most there can be eight couples at generation four (C4 � 8).�

•� 6WHS����6LQFH�XQLRQV�DPRQJ�VLEOLQJV�DUH�QRW�DOORZHG�LQ�RXU�PRGHO��WZR�FRXSOHV�IURP�WKH�
n��WK� JHQHUDWLRQ� OLQNHG� WR� WKH� VDPH�n�QRGH� VKRXOG�QRW�PHUJH�ZLWK� HDFK�RWKHU��)RU� WKLV�
SXUSRVH��ZH�UDQGRPO\�DVVLJQ�WZR�FRORUV��EOXH�DQG�JUHHQ��WR�HDFK�VXFK�SDLU�RI�n���QRGHV��
$V�D�FRQVHTXHQFH��WKH��Cn�QRGHV�DW�JHQHUDWLRQ�n���DUH�VHSDUDWHG�LQWR�WZR�VXEJURXSV��RQH�
JURXS�RI�Cn�EOXH�QRGHV�DQG�RQH�JURXS�RI�Cn�JUHHQ�QRGHV��2QO\�QRGHV�RI�WKH�VDPH�FRORU�DUH�
DOORZHG�WR�PHUJH�ZLWK�HDFK�RWKHU��DV�GHVFULEHG�LQ�WKH�IROORZLQJ�VWHS��
In Figure 2,  there are four blue nodes and four green nodes at the fourth generation. In 
particular, no nodes of the same color are linked to the same node of the third generation, 
such that no union among siblings is possible.�

•� 6WHS����:LWKLQ�HDFK�FRORUHG�VXEJURXS��HDFK�SDLU�RI�QRGHV�KDV�SUREDELOLW\�pn�WR�PHUJH��DQG�
SUREDELOLW\���pn�QRW�WR�PHUJH����
In Figure 2, each of the six pairs of blue nodes (resp. green nodes) has probability p3 to 
merge. As depicted, one blue pair and two green pairs have merged.�

•� 6WHS����$OO� WKH�QRGHV�ZKLFK�KDYH�EHHQ�FRQQHFWHG� WKURXJK� WKH�SUHYLRXV�SURFHGXUH� WKHQ�
PHUJH�LQWR�RQH�VLQJOH�QRGH��ZKLFK�NHHSV�DOO�WKH�FRUUHVSRQGLQJ�RXWJRLQJ�HGJHV��7KLV�LP�
SOLHV�WKDW�WKH�UHVXOWLQJ�FRXSOH�KDV�PRUH�WKDQ�RQH�RIIVSULQJ�DSSHDULQJ�LQ�WKH�IDPLO\�WUHH��
1RWH�WKDW�WKH�VL]H�Cn���RI�WKH�n��WK�JHQHUDWLRQ�DQG�LWV�JHQHDORJLFDO�FRQQHFWLRQV�ZLWK�WKH�nWK�
JHQHUDWLRQ�DUH�SXUHO\�UDQGRP��VLQFH�WKH\�GHSHQG�RQ�WKH�UDQGRP�SURFHGXUH�DW�6WHS����
�
In Figure 2, the connected pair of blue nodes merge into one node and only three blue 
nodes remain. Similarly, the two pairs of connected green nodes merge into one node, and 
only two green nodes remain. Consequently, five (instead of eight) ancestor couples re-
main, namely C4=5. Note that due to the new genealogical connections subsequently cre-
ated between the third and the fourth generations, the individual’s parents are second 
cousins, and both his maternal and paternal grandparents are first cousins.�
 

�
���7KLV�UDQGRP�SURFHGXUH�FRUUHVSRQGV�WR�DQ�(UGĘV�5pQ\L�UDQGRP�JUDSK�G�&n, pn��ZLWK�Cn�QRGHV�
DQG�HGJH�SUREDELOLW\�pn��
���&RQGLWLRQDOO\�RQ�Cn��Cn+1�KDV�WKH�GLVWULEXWLRQ�RI�WKH�VXP�RI�WZR�LQGHSHQGHQW�UDQGRP�YDULDEOHV�
LGHQWLFDOO\�GLVWULEXWHG�DV�WKH�UDQGRP�QXPEHU�RI�FRQQHFWHG�FRPSRQHQWV�LQ�G�Cn��pn���7KH�QXPEHU�
RI�RXWJRLQJ�HGJHV� IRU�HDFK�RI� WKH�Cn+1�QRGHV� WKHQ�FRUUHVSRQG� WR� WKH�VL]H�RI� WKH�FRUUHVSRQGLQJ�
FRQQHFWHG�FRPSRQHQW��
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Figure 2. Family tree stochastic model: step by step construction of the fourth generation assuming 
that the tree is known up to its third generation. The different steps are described in Section 2.2.�
�
���3HGLJUHH�FROODSVH�
� $�TXHVWLRQ�RI�LQWHUHVW�DUH�WKH�FRQGLWLRQV�RQ�WKH�PRGHO�SDUDPHWHUV�p���p��«��WR�KDYH�D�SHG�
LJUHH�FROODSVH���WKDW�LV��IRU�WKH�IDPLO\�WUHH�WR�KDYH�D�GLDPRQG�VKDSH��:H�FDQ�SURYH�WKDW�LI�WKHUH�
H[LVWV�VRPH�SRVLWLYH�p�VXFK�WKDW�DOO�WKH�SDUDPHWHUV�VDWLVI\�pn � p��WKHQ�HDFK�IDPLO\�WUHH�LQ�WKH�VWR�
FKDVWLF�PRGHO�KDV�D�GLDPRQG�VKDSH���,QWXLWLYHO\��LW�VD\V�WKDW�LI�WKH�PHUJLQJ�SUREDELOLWLHV�DUH�QRW�
WRR�VPDOO��LW�SUHYHQWV�WKH�IDPLO\�WUHH�WR�LQGHILQLWHO\�JHW�ZLGHU�DQG�ZLGHU�DW�LWV�WRS��
Figure 3. Family trees simulated with the stochastic model (see Section 5), satisfying the condi-
tion presented in Section 3 to have a pedigree collapse.�

�
�

���:H�VD\�WKDW�DQ�LQILQLWH�IDPLO\�WUHH�FROODSVHV�LI�OLP�VXSn�Cn ������
���,I�OLP�LQIn�pn�!����WKHQ�WKH�IDPLO\�WUHH�DOPRVW�VXUHO\�FROODSVHV��
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���)LWWLQJ�RI�WKH�SDUDPHWHUV�
� 7KH�SDUDPHWHUV�RI�RXU�VWRFKDVWLF�PRGHO�DUH�p���p��«�ZKHUH�pn�FRUUHVSRQGV�WR�WKH�SDLUZLVH�
PHUJLQJ�SUREDELOLW\�DW�JHQHUDWLRQ�n����DV�GHVFULEHG�LQ�6WHS����6HFWLRQ������,QWXLWLYHO\��WKH�ODUJHU�
WKHVH�SUREDELOLWLHV�DUH��WKH�PRUH�OLNHO\�LW�LV�WKDW�PDQ\�DQFHVWRUV�DUH�VKDUHG�E\�VHYHUDO�LQGLYLGXDOV�
LQ�WKH�IDPLO\�WUHH��KHQFH�WKH�VWURQJHU�WKH�LQEUHHGLQJ��1RQHWKHOHVV��ZH�DUH�ZLOOLQJ�WR�FRPSDUH�WKHVH�
WKHRUHWLFDO�SDUDPHWHUV�WR�PRUH�WUDFWDEOH�TXDQWLWLHV��,Q�YLHZ�RI�WKH�GDWD�DYDLODEOH�LQ�WKH�OLWHUDWXUH��
ZH�FKRRVH�WR�OLQN�WKHVH�SDUDPHWHUV�ZLWK�WKH�SURSRUWLRQV�RI�ILUVW�DQG�VHFRQG�FRXVLQ�XQLRQV�LQ�WKH�
VWXGLHG�SRSXODWLRQ�RU�FRPPXQLW\��,GHDOO\�RQH�ZRXOG�QHHG�WKH�SURSRUWLRQV�RI�XQLRQV�DPRQJ�FRXVLQV�
RI�DQ\�GHJUHH�RYHU�VHYHUDO�JHQHUDWLRQV��EXW�VXFK�GDWD�LV�QRW�FRPPRQO\�DYDLODEOH��
� /HW�XV�DVVXPH�WKDW�ZH�VWXG\�D�SRSXODWLRQ�RU�FRPPXQLW\�IRU�ZKLFK�WKH�SURSRUWLRQV�pn�VW�DQG�
pn�QG�RI�ILUVW�DQG�VHFRQG�FRXVLQ�XQLRQV�DW�HDFK�JHQHUDWLRQ�n�DUH�NQRZQ��:H�VKDOO�FKRRVH�WKH�PRGHO�
SDUDPHWHUV�p���p��…��VXFK�WKDW�WKH�SUREDELOLW\�IRU�D�XQLRQ�DW�JHQHUDWLRQ�n�WR�EH�DPRQJ�ILUVW�FRXVLQV�
LQ�RXU�PRGHO�LV��DSSUR[LPDWHO\��HTXDO�WR�pn�VW��:H�UHTXLUH�WKH�VDPH�FRQGLWLRQ�IRU�VHFRQG�FRXVLQ�
XQLRQV��7KH�FRPSXWDWLRQ�RI�WKHVH�SUREDELOLWLHV�LV�QRW�WULYLDO��DQG�ZLOO�QRW�EH�GHWDLOHG�KHUH��:H�VKDOO�
VLPSO\�VD\�WKDW�WKH�SUREDELOLW\�IRU�D�XQLRQ�DW�JHQHUDWLRQ�n�WR�EH�DPRQJ�ILUVW�FRXVLQV�GHSHQGV�RQ�
WKH�SUREDELOLW\�WKDW�VRPH�RI�WKH�JUDQGSDUHQWDO�FRXSOHV�DW�JHQHUDWLRQ�n���PHUJH��KHQFH�GHSHQGV�RQ�
HYHU\WKLQJ�ZKLFK�KDSSHQV�XQWLO�JHQHUDWLRQ�n����7KHUHIRUH�� WKLV�SUREDELOLW\� LV�D� IXQFWLRQ�RI� WKH�
SDUDPHWHUV�p��«��pn����ZKLFK�ZH�GHQRWH�fn�VW��p��«��pn�����7KH�VDPH�UHDVRQLQJ�OHDGV�WR�WKH�FRQFOX�
VLRQ�WKDW�WKH�SUREDELOLW\�IRU�D�XQLRQ�DW�JHQHUDWLRQ�n�WR�EH�DPRQJ�VHFRQG�FRXVLQV�LV�VRPH�IXQFWLRQ�
fn�QG��p��«��pn�����
� ,I�WKH�SURSRUWLRQV�pn�VW�DQG�pn�QG�DUH�NQRZQ�XS�WR�VRPH�JHQHUDWLRQ�N��WKHQ�ZH�VKDOO�FKRRVH�
p��«��pN���VXFK�WKDW�WKH�FRXVLQ�XQLRQ�SUREDELOLWLHV�DUH�FORVH��WR�WKHVH�NQRZQ�SURSRUWLRQV��QDPHO\�

pn�VW�§�fn�VW��p��«��pn����
pn�QG�§�fn�QG��p��«��pn����

IRU�HDFK�n�IURP���WR�N��1RWH�WKDW�LI�ZH�DUH�VROHO\�LQWHUHVWHG�LQ�ILWWLQJ�WKH�PRGHO�SDUDPHWHUV�WR�WKH�
ILUVW�FRXVLQ�XQLRQ�SURSRUWLRQV��RU�LI�WKHVH�DUH�WKH�RQO\�SURSRUWLRQV�DYDLODEOH���WKHQ�RQO\�WKH�ILUVW�
FRQGLWLRQ�LV�FRQVLGHUHG�DQG�LW�EHFRPHV�DQ�HTXDOLW\��1DPHO\��WKHUH�H[LVWV�D�XQLTXH�VHTXHQFH�p��«��
pN���VXFK�WKDW�IRU�HDFK�n�IURP���WR�N��

pn�VW� �fn�VW��p��«��pn�����
�
���6LPXODWLRQ�RI�WKH�VWRFKDVWLF�PRGHO�
� 7KLV�VWRFKDVWLF�PRGHO�FDQ�EH�VLPXODWHG���ZLWK�DSSURSULDWH�VRIWZDUH���,W�PHDQV�WKDW�RQFH�WKH�

�
���)RU�LQVWDQFH��WKH�SUREDELOLW\�IRU�D�XQLRQ�DW�JHQHUDWLRQ�n� WR�EH�DPRQJ�ILUVW�FRXVLQV�LV���(>���
R�Cn����pn�����@��ZKHUH�R�c��p��LV�WKH�SUREDELOLW\�IRU�WZR�QRGHV�LQ�G�c��p��WR�EH�FRQQHFWHG��IRU�ZKLFK�
WKHUH�LV�QR�H[SOLFLW�IRUPXOD���
���:H�XVH�D�OHDVW�VTXDUHV�PHWKRG��
���)RU� WKLV�SXUSRVH�RQH�QHHGV� WR�VLPXODWH��WZLFH�IRU�HDFK�JHQHUDWLRQ�� WKH�QXPEHU�RI�FRQQHFWHG�
FRPSRQHQWV�LQ�DQ�(UGĘV�5pQ\L�UDQGRP�JUDSK��VD\�G�c��p���6XFK�D�JUDSK�FDQ�EH�VLPXODWHG�YLD�LWV�
UDQGRP�DGMDFHQF\�PDWUL[�A �D�V\PPHWULF�PDWUL[�RI�RUGHU�c�ZLWK�D�QXOO�GLDJRQDO�DQG�XSSHU�WULDQ�
JXODU�HQWULHV�IROORZLQJ�D�%HUQRXOOL�GLVWULEXWLRQ�ZLWK�SDUDPHWHU�p���IURP�ZKLFK�ZH�FDQ�GHGXFH�LWV�
GHJUHH�PDWUL[�D��GLDJRQDO�PDWUL[�RI�RUGHU�c�ZLWK�dii ai������aic���DQG�LWV�/DSODFLDQ�PDWUL[�L=D-A��
7KH�QXPEHU�RI�FRQQHFWHG�FRPSRQHQWV�RI�WKH�JUDSK�LV�WKHQ�WKH�DOJHEUDLF�PXOWLSOLFLW\�RI�WKH���HL�
JHQYDOXH�RI�L��,I�RQH�ZLVKHV�WR�VLPXODWH�QRW�RQO\�WKH�QXPEHU�RI�DQFHVWRUV�EXW�DOVR�WKH�JHQHDORJLFDO�
VWUXFWXUH��RQH�QHHGV�WR�FRQVLGHU�WKH�/DSODFLDQ�PDWULFHV�WKHPVHOYHV�DW�HDFK�JHQHUDWLRQ��
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PRGHO�SDUDPHWHUV�p��«��pn DUH�IL[HG��HLWKHU�DUELWUDULO\��RU�EDVHG�RQ�JHQHDORJLFDO�GDWD�DV�GHVFULEHG�
LQ�6HFWLRQ�����RQH�FDQ�VLPXODWH�DV�PDQ\�IDPLO\�WUHHV�DV�QHHGHG�RYHU�n���JHQHUDWLRQV��6LQFH�WKH�
PRGHO�LV�VWRFKDVWLF��HDFK�VLPXODWHG�IDPLO\�WUHH�LV�GLIIHUHQW��6RPH�WUHHV�RU�W\SHV�RI�WUHHV�DUH�KRZ�
HYHU�PRUH�OLNHO\�WR�DSSHDU��GHSHQGLQJ�RQ�WKH�FKRVHQ�SDUDPHWHUV��6RPH�H[DPSOHV�RI�VLPXODWLRQV�
DUH�SUHVHQWHG�LQ�)LJXUH����)LJXUH���DQG�)LJXUH����

�
���1XPHULFDO�DSSOLFDWLRQV�
� $V�PHQWLRQHG�DERYH��WKH�SURSRUWLRQV�RI�ILUVW�DQG�VHFRQG�FRXVLQ�XQLRQV�LQ�D�JLYHQ�FRPPX�
QLW\�DUH�UDUHO\�DYDLODEOH��$W�PRVW�WKH\�KDYH�EHHQ�VWXGLHG�IRU�D�JLYHQ�SHULRG�RI�WLPH��EXW�WKHLU�HYR�
OXWLRQ�RYHU�VHYHUDO�JHQHUDWLRQV�RIWHQ�UHPDLQV�XQNQRZQ��1HYHUWKHOHVV�ZH�IRXQG�VRPH� OLWHUDWXUH�
SURYLGLQJ� WKHVH� SURSRUWLRQV� RYHU� WKUHH� JHQHUDWLRQV�� QDPHO\� IRU� WKH� 8WDK�0RUPRQ� SRSXODWLRQ�
�-RUGH��������DQG�IRU�D�PLGZHVWHUQ�8QLWHG�6WDWHV�$PLVK�LVRODWH��+DPPRQG�DQG�-DFNVRQ���������
)RU�HDFK�RI�WKH�FRPPXQLW\�ZH�LQIHU�IURP�WKH�FRXVLQ�XQLRQ�SURSRUWLRQV�WKH�PRGHO�SDUDPHWHUV�p���
p���p���p��DFFRUGLQJ�WR�WKH�SURFHGXUH�GHVFULEHG�LQ�6HFWLRQ����,W�WKHQ�HQDEOHV�XV�WR�VLPXODWH�IDPLO\�
WUHHV�RYHU���JHQHUDWLRQV��DV�H[SODLQHG�LQ�6HFWLRQ����)RU�HDFK�FRPPXQLW\�ZH�VKDOO�SUHVHQW�RQH�RI�
WKHVH�VLPXODWHG�WUHHV��)LJXUH���DQG�)LJXUH�����
� �
�����8WDK�0RUPRQ�SRSXODWLRQ�
� 7KH�SURSRUWLRQV�RI�ILUVW�DQG�VHFRQG�FRXVLQ�XQLRQV�LQ�WKLV�FRPPXQLW\�DUH�JLYHQ�LQ�7DEOH����
)URP�WKLV�GDWD�ZH�LQIHU�WKH�PRGHO�SDUDPHWHUV�DQG�REWDLQ�

(p���p���p���p��� �����������������������������������
7KLV�HQDEOHV�XV�WR�VLPXODWH�IDPLO\�WUHHV�RYHU�VL[�JHQHUDWLRQV�RI�LQGLYLGXDOV�RI�WKH�8WDK�0RUPRQ�
FRPPXQLW\�ERUQ�LQ�����±����2QH�VLPXODWHG�WUHH�LV�LOOXVWUDWHG�LQ�)LJXUH����

�
n 3HULRG pn�VW pn�QG

� ����±���� ���� ����
� ����±���� ���� ����
� ����±���� ���� ����

 
Table 1. Proportions (in percent) of first and second cousin unions over three generations in the 
Utah Mormon community (Jorde, 1989).�
 
 

 



352&((',1*6�2)�7+(�6<0326,80�21�*(1($/2*<�$1'�7+(�6&,(1&(6�
�

����
�

Figure 4. Simulated family tree over six generations of an individual of the Utah Mormon commu-
nity born in 1915–45. The only union among cousins is depicted by a pink node.�
�
�����0LGZHVWHUQ�8QLWHG�6WDWHV�$PLVK�LVRODWH�
� 7KH�SURSRUWLRQV�RI�ILUVW�DQG�VHFRQG�FRXVLQ�XQLRQV�LQ�WKLV�FRPPXQLW\�DUH�JLYHQ�LQ�7DEOH����
)URP�WKLV�GDWD�ZH�LQIHU�WKH�PRGHO�SDUDPHWHUV�DQG�REWDLQ�

(p���p���p���p��� �������������������������������
1RWH�WKDW�WKHVH�SDUDPHWHUV�DUH�VLJQLILFDQWO\�ODUJHU�WKDQ�WKRVH�IRU�WKH�0RUPRQ�FRPPXQLW\�SUHVHQWHG�
LQ�6HFWLRQ������7KLV�LV�QRW�VXUSULVLQJ�VLQFH�LQEUHHGLQJ�LV�PXFK�VWURQJHU�LQ�WKH�$PLVK�LVRODWH��VHH�
7DEOH�����7KHVH�SDUDPHWHUV�HQDEOH�XV�WR�VLPXODWH�IDPLO\�WUHHV�RYHU�VL[�JHQHUDWLRQV�RI�LQGLYLGXDOV�
RI�WKH�$PLVK�LVRODWH�ERUQ�LQ�����±����2QH�VLPXODWHG�WUHH�LV�LOOXVWUDWHG�LQ�)LJXUH����7KH�QXPEHU�RI�
FRXVLQ�XQLRQV�LQ�WKLV�WUHH��VL[��LV�DV�H[SHFWHG�ODUJHU�WKDQ�LQ�WKH�WUHH�VLPXODWHG�IRU�D�0RUPRQ�LQGL�
YLGXDO��RQH���
�

n 3HULRG pn�VW pn�QG

� ����±���� �� ���
� ����±���� ��� ����
� ����±���� ��� ����

�
Table 2. Proportions (in percent) of first and second cousin unions over three generations in a 
Midwestern United States Amish isolate (Hammond and Jackson, 1958).�
 
 

 
Figure 5. Simulated family tree over six generations of an individual of a Midwestern United States 
Amish isolate born in 1950–75. The unions among cousins are depicted by pink nodes.�
�
���&RQFOXVLRQ�
� 7KH�VWRFKDVWLF�PRGHO�SUHVHQWHG�LQ�WKLV�SDSHU�LV�D�FRQYHQLHQW�WRRO�WR�VWXG\�WKH�LQIOXHQFH�RI�
LQEUHHGLQJ��TXDQWLILHG�YLD�WKH�SURSRUWLRQV�RI�FRXVLQ�XQLRQV��RQ�WKH�RYHUDOO�VKDSH�RI�D�IDPLO\�WUHH��
6RPH�PRUH�WHFKQLFDO�UHVXOWV�FDQ�EH�REWDLQHG��ZKLFK�RXJKW�WR�EH�SXEOLVKHG�LQ�D�PDWKHPDWLFV�MRXU�
QDO��7KH�OLPLW�RI�WKLV�PRGHO�LV�WKDW�LW�UHTXLUHV�VSHFLILF�GDWD�ZKLFK�LV�UDUHO\�DYDLODEOH��DQG�LI�VR��RQO\�
RYHU�YHU\�IHZ�JHQHUDWLRQV��+RZHYHU��LW�SURYLGHV�VLPXODWLRQV�RI�IDPLO\�WUHHV��ZKLFK�LV�D�YDOXDEOH�
UHVXOW�JLYHQ�WKDW�IDPLO\�WUHHV�DUH�DOPRVW�QHYHU�NQRZQ�LQ�WKHLU�HQWLUHW\��
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